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The observed acceleration of the present universe is shown to be well explained by 
the holographic dark energy characterized by the total comoving horizon of the universe 
O . (77HDE). It is of interest to notice that the very large primordial part of the comoving horizon 

^ \ generated by the inflation of the early universe makes the TyHDE behave like a cosmological 



constant. As a consequence, both the fine-tuning problem and the coincidence problem can 
reasonably be understood with the inflationary universe and holographical principle. We 
present a systematic analysis and obtain a consistent cosmological constraint on the t/HDE 
model based on the recent cosmological observations. It is found that the t/HDE model gives 
the best-fit result n„,o - 0.270 (n^eo = 0.730) and the minimal - 542.915 which is 
compatible with;ticDM = 542.919 for the ACDM model. 

PACS numbers: 



I. INTRODUCTION 



Recent cosmological observations [ll|-|4j] have indicated that the observable universe enters into 
an epoch of accelerated expansion. Within the framework of the general relativity, the acceleration 
can be phenomenally attributed to the existence of a mysterious negative pressure component 
named as dark energy. A number of models have been proposed to explain such an exotic energy 
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component, which is referred to some recent reviews |15|, ^. The simplest candidate is a positive 
cosmological constant. Although it remains well for fitting to the observations, a cosmological 
co„.a„, however, plagued wi,h .he fl„e-.„„i„. problen, and ,he coincidence problem ji. 

In the spirit of the holographic principle [SI, I9D, it is proposed that [lOI] in the effective field 
theory the ultraviolet (UV) cutoff Auv is related to the infrared (IR) cutoff L due to the limit set by 
the formation of a black hole. It is generally given in terms of the natural units as follows 



L'Kl < LMl , 



(1) 



where Mp is the reduced Planck constant (M^ = 1 /(SnG) with G the Newton's constant. This 
corresponds to the assumption that the effective theory describes all states of the system, except 
those that have already collapsed to a black hole. Due to such a dramatic depletion of quantum 
states, the vacuum energy density caused by the quantum fluctuation is given by 



A 



(2) 



It is interesting to note that if the IR cutoff L is comparable to the current Hubble radius, the 
resulting quantum energy density pvac ~ A^^ requires no magnificent cancelation with a bare 
cosmological constant in order to be consistent with observational bounds. Thus the fine-tuning 
problem may reasonably be understood [10] if such a correlation can consistently be realized, 
and it becomes natural to assume that such a vacuum energy plays the role of dark energy. Thus 
one naturally arrives at the assumption of holographic dark energy with parameterizing its energy 
density as follows 



Pde 



with d a positive constant parameter. Then the fractional energy density is given by 

J2 



a 



•de 



Pde _ 



(3) 



(4) 



with H the Hubble parameter. Here the IR cut-off L is regarded as the characteristic length scale 
of the universe. 



There are a number of holographic dark energy models lillMlSn proposed by choosing different 
characteristic length scales of the universe. It is noted that the same formula Eq.© may also 



1311 based on the metric 



be resulted from a different motivation with the age of the universe [|12l . 

fluctuation of Minkowski spacetime lioll and the corresponding quantum energy density [|20ll . 



which follows from the quantum line fluctuation of spacetime 112 ih . The so-called new agegraphic 
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dark energy model was yielded by taking the conformal time of the universe without including the 
inflationary stage of the universe [Il3[l . i.e. L = J' with a{t) the scale factor of the universe, to be 
the IR cutoff" of the universe. Due to the analytical feature that oc in matter-dominated epoch, 
the new agegraphic dark energy model is a single-parameter model like the ACDM model. The 
best-fit analysis in [|l4|l indicated that the model parameter n ( that corresponds to the parameter 
d in our present notation, i.e., n = J ) is at the order of one, n = d - 0(1). A recent analysis 
was made by considering the radiation contribution in the initial condition [|22n and still yielded 
a similar result for the single parameter n = d - 0(1). Such a model was extended in [I23I1 to 
include the stage of inflation 1241-1261] so as to avoid the possible divergence in the energy density 
caused by across zero transition of the conformal time during the universe expansion. Where 
the conformal time was redefined to be L = (^J' ^ -I- 6^ with 6 a positive constant, obviously 
such a redefined conformal time becomes positive during the inflation. Taking the single model 
parameter to be n = d - 0(1) yielded in [|14l1 from the best-fit analysis without considering 
the inflation of universe, then it was concluded in [|23|1 that the resulting fraction of dark energy 
at the present epoch is too small Q^go ^ 1 and contradictory to the cosmological observations. 
The subscript "0" always indicates the present values of the corresponding quantities. Thus the 



new agegraphic dark energy model proposed in [[13 



1411 was shown to be inconsistent with the 



inflationary universe. However, from Eqs.© and (jH), it is conceivable that the redefinition of 
conformal time with including the inflationary eff"ect of the universe may change the behavior 
of the energy density and also the fractional energy density of the holographic dark energy in 
the early universe. Therefore, the resulting best-fit value n = d - 0(1) in [|l4| based on the 
analytical feature Q.je oc during the matter-dominated epoch as well as its inconsistency with 
the inflationary universe concluded in ll23n should be reconsidered and studied carefully. 

In the cosmological study, the conformal time is traditionally defined as the comoving horizon 
of the universe since the epoch at the end of the inflation, i.e., ^ = fl which may be 
yielded by subtracting off" a very large primordial part 77prim generated by the inflation from the total 
comoving horizon of the universe V = Jq namely, fj = rj - //prim- This is why the conformal 
time during the inflation is thought to be negative and the usual conformal time of the universe 
has a beginning at 77 = 0. In general, it is more reasonable to take the total comoving horizon to 
be correlated to the IR cutoff" of the universe instead of the usual conformal time of universe, so 
that there would be no longer divergence in the energy density when applying for the holographic 
principle. 
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Recently, we proposed in refs.[|l7l.ll8ll an interesting holographic dark energy characterized by 
the conformal-age-like length (CHDE) with including the epoch of inflation. Where the charac- 
teristic length L of the universe is defined as L = ^ dt' a^{t') = ^ ^ drf' a^{ri'), which is 
motivated from the four dimensional spacetime volume at cosmic time t of the flat Friedmann- 
Robertson-Walker (FRW) universe. As a consequence, the possible divergence in the energy den- 
sity can appropriately be avoided and meanwhile the very large primordial part of the characteristic 
length L of the universe generated by the inflation is associated with a power-law suppressing fac- 
tor (ab/ae)'^, here ah and correspond to the scale factors of the universe at the beginning and the 
end of the inflation, respectively. Thus the characteristic length L of the universe has been shown 
to be dominated by the conformal-age-like length L oc . To be more explicit, considering the 
epoch of universe dominated by the ambient constituent with constant Wm ^ -1, we have approxi- 
mately oc from Fridemann equation, and obtain L = (^j"^ Lt + 3^3^^ ^ - (^)'^)' 
with Lh = ^4 Jj'* df a^(t'), here subscript b denotes the value of the corresponding quantity at the 

h 

beginning of ambient-constituent-dominated epoch. Due to the expansion of the universe and 
oc ^-3(1+"-..) approximately, all the terms with factor {ublaf can be ignored safely compar- 
ing to the term without such a factor. Thus the fractional dark energy density is found to be 
^de - |(3 -I- Wmfd^a^ in the early time of universe when a 1 . It has been shown that the CHDE 
model can be regarded as a single-parameter model like the ACDM model, so that the present 
fractional e nerg y density O-deia = 1) can solely be determined by solving the diff"erential equa- 
tion of Q-de 1171] • A systematic analysis and cosmological constraint from the recent cosmological 
observations leads to Q.de{a = 1) = 0.714 and J ^ 0.232 I18]. 

In this paper, we are going to consider an alternative holographic dark energy characterized by 
the total comoving horizon rj of the universe (that may be denoted in an abbreviation /yHDE for 
convenience of mention below). We will show in detail how such an /yHDE model is consistent 
with the inflationary universe and behaves like a cosmological constant. The paper is organized 
as follows: In Sec. II, we describe in detail the holographic dark energy characterized by the total 
comoving horizon including the epoch of inflation; In Sec. HI, we make a systematic cosmological 
analysis on /yHDE and obtain consistent cosmological constraints on t/HDE. As a consequence, 
the T/HDE is compatible with the cosmological constant, so that both the fine-tuning problem 
and the coincidence problem can reasonably be understood with the inflationary universe and 
holographical principle; In Sec. IV, we come to our conclusions and remarks on the 77HDE model. 
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II. INFLATIONARY UNIVERSE AND HOLOGRAPHIC DARK ENERGY MODEL 

The total comoving horizon of the universe is defined as 

" Jo ^ " Jo ' 
where c = 1 is the speed of light in natural units, a{t) is the scale factor, H = a/ a is the Hubble 
parameter and " • " is the derivative respect to cosmic time t. 

Note that the regions separated by the comoving distances greater than 77 are not causally con- 
nected. Thus, it is reasonable to take the IR cutoff of the universe L to be less than the total 
comoving horizon, 

L = — rj , Ch> I (6) 

Ch 

where the constant Ch can be regarded as a scale factor between the total comoving horizon and 
the characteristic length of universe. With the above consideration, the energy density of corre- 
sponding holographic dark energy Eq.© can be rewritten as the following form in terms of the 
total comoving horizon 77 

Prf, = 3SmIL-^ = SicdfMjr]-^ , (7) 

with the combined parameter Chd as an independent model parameter. For convenience, we shall 
reexpress Chd to be a rescaled parameter denoted by the same notation d, i.e., 

Chd d . (8) 

Then the fractional energy density for the holographic dark energy is defined as 

O, - - (q\ 

Here the rescaled parameter d reflects the magnitude of the scale factor c/, between the total comov- 
ing horizon and the characteristic length of universe c/, = 77/L. Obviously, the rescaled parameter 
d can in general be much larger than one, J » 1 when c/, » 1 . 

The primordial part of the comoving horizon rj^^m generated by inflation is given by 

r'' da' 1 

ripnm = —7777 ' (10) 
Ja, a' H'a' 

where subscripts b and e denote the beginning and the end of inflation respectively. As the Hubble 
parameter H is approximately constant in the slow-rolling inflation model, the primordial part of 
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the comoving horizon T/pnm is found to be 

ri,r^^- L = J_(^_i).J_ _ 1) . (11) 



In order to solve the horizon problem |124|], the inflation is required to last enough time to make 



?7prim - TT 77— > 77— • (12) 

Mhab tleQe no^^O 

For the instantaneous reheating, the universe turns into the radiation-dominated epoch just af- 
ter the end of the inflation, and then into the matter-dominated epoch after the matter-radiation 
equality. In radiation-dominated and matter-dominated epoch, we have oc p„, oc a~^^^^^^'"'\ 
with w„, = I for radiation-dominated epoch and w„, = for matter-dominated epoch respectively. 
Thus, the part of comoving horizon generated in radiation- and matter-dominated epoch after the 
inflation is given by 

~ _ r da' I ^ 2 /I 1 \ 2 1 ^^^^ 

where the initial term can be neglected for a » in a good approximation due to the fact 
that ^ grows as tj(i+3"v,)/2 radiation- and matter-dominated epoch. 

When ignoring the initial pre-inflation part, we then obtain the total comoving horizon of the 
universe at the radiation- and matter-dominated epoch 

fda' 1 2 1 

ri = ^p„. + U = ^pn. + -j^ - ^pn. + Y^^^Jf^ ■ (14) 

Taking the above total-comoving-horizon rj to characterize the holographic dark energy, we arrive 
at an TyHDE model with the energy density and the fractional energy density of dark energy given 
as follows 

Pde ^ 3d^Ml{7]p^^ + fj)-^ , Qde ^ (15) 

" Wprim "r ^7/ 

Due to the fact that the universe has been dominated by radiation and matter until recently and 
^ scales as a^^+^^r^^^ in radiation- and matter-dominated epoch, we have » ^ when «c 
a «; «()• Combining with Eq.(fT2l) and (fT4l) . we yield that at the radiation- and matter-dominated 
epoch the comoving horizon is approximately a constant with 77 ^ rjpnm, and the holographic dark 
energy behaves like a cosmological constant with approximately constant energy density 

p., - 3d'Mlrj-J,^ . (16) 
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Correspondingly, the fractional energy density of dark energy in the early universe when oc 

Pm OC a"^^''^"'"'\ scales as 



•prim 'prim 

It is seen that in radiation- and matter-dominated epoch the fraction of dark energy scales as 
Q.de OC a3(i+M'„) (-j^g TyHDE model, which distinguishes from the new agegraphic dark energy 
model in which the fraction of dark energy scales as Qde oc a^. 

To further investigate the rjHDE in recent cosmic acceleration, it needs a concrete cosmological 
model. Considering the holographic dark energy and matter with equation of state w,„ = ( will 
be kept in derivations ) in a flat Friedmann-Robertson- Walker (FRW) universe, we have Friedmann 
equation 

mlH^ =p,n+Pde, (18) 

or 

ade + ^m = l, (19) 

in fractional energy densities. Where ^Im = j^jp is the fractional energy density of matter. When 
each energy component is conservative respectively, we have conservation equations 

Pi + 3H(l+ wdpi = (20) 

for i = m, de. From Eqs.©, dT]), ^ and (|20l) . we obtain the EoS of the dark energy 

Wde = -1 + . (21) 

5a a 

Substituting the definition of Eq.® into Wde and using Eq.(fT4l). we have 

Wde = -1 + ^± - -1 + ^ . (22) 

''prim + I+3vv,„ Ha 

which indicates that w^e - -1 in the early universe when Typnm » namely, the dark energy 
behaves like a cosmological constant in this case. 

The conservation of matter results in p„, = C ia~^^^'^^''"\ with Ci a constant proportionality coef- 
ficient. Combining with the definition of fractional energy densities and the Friedmann equation, 
it is not difficult to get 
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While from Eqs.® and (|9l), we have 

^" da' 1 



Jo 



(24) 



;o a' H'a' yfQ^H 

Substituting Eq.(|23l) into above equation and taking derivative with respect to a in both sides, we 
get the differential equation of motion for 

(1 - Qrf,) + 3 - . (25) 



da 

It is noted that the energy density Eq.©, the fractional energy density Eq.®, the EoS Eq. (l2T1) 
and the differential equation Eq.(|25l) are all invariant under the transformation a ^ ^, d ^ daQ. 
Namely, after performing such a transformation, and taking ao to be the present scale factor of the 
universe by setting a^ = \, all the expressions keep the same forms. From now on, we adopt that 
the parameter d has absorbed a factor ao and set ao = I. 

From the derivations it is interesting to show that the EoS Eq.(l2TI) and the differential equation 
Eq.(|25l) are invariant under the translation 77 U+Us, where rjs is a constant length scale. However, 
the energy density and fractional energy density will change under such a translation. Therefore, 
for self-consistency, any approximate solution derived from the differential equation Eq. (|25l) shall 
be checked with the fractional energy density Eq.® by a direct calculation. 

Referring to Eq.(fT7]) and setting = there, it is seen that Q.^^ oc in the matter-dominated 
epoch when a «; 1, which can consistently be obtained from the equation of motion for Q.de 
in Eq.(l25l) under the limit 1 - Q^e - 1 when a «; 1. This can easily be checked by noticing the 
definition of Q^^ in Eq.(fT5]). in the early universe when rjpnm ^ the last factor in the differential 
equation Eq. dlS]) is found to be 

1 vn^ = ± = — i__ « 1 (26) 

which is negligible small in comparison with the constant factor 3(1 -I- w^) in Eq. (|25l) . In this case, 
the differential equation Eq. (|25l) is approximately given by 

^ - ^3(w„, + 1) . (27) 
da a 

which leads to the consistent approximate solution Qjg oc a^ in the matter-dominated epoch with 
Wm = and a «; 1 . 

Note that the analytical result in new agegraphic dark energy model oc a^ is inconsistent 
with the direct calculation, although it is also the approximate solution of Eq.(l25l) under the limit 
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1 -fide - 1 when a 1. However, if we take the conformal time defined as rj-rjpnm by subtracting 
off" the primordial part rip^m from the total comoving horizon to be the IR cutoff, then we can show 
that fide - + If-Q^ is the consistent approximate solution by taking the conformal time 

- ?7prim - i+L ill the radiation- and matter-dominated epoch from Eq.(fT4l). Therefore, the 
redefinition will change the behavior of fide in early universe. The analytical property of fide in 
the limit a «; 1 has practically been realized in the CHDE model with including the inflationary 



epoch of universe y/ZLIlSl], where fide - H-{Wm + 3)^a^ in the early universe 



III. COSMOLOGICAL ANALYSIS ON TyHDE AND INSIGHTS TO COSMOLOGICAL 
CONSTANT AND COINCIDENCE PROBLEM 

In the 77HDE model, there are in general two model parameters, since the proportionality co- 
efficient of the analytical approximate solution fide °^ in matter-dominated epoch can not be 
determined only by the parameter d, which distinguishes from the new agegraphic dark energy 
model. In the practical calculation, we would like to choose two parameters as the usual param- 
eter d and the present fractional energy density of matter flmo- We are going to use the Union2 



compilation of 557 supernova la (SNIa) data [27], the parameter A pSQ from BAO measurements 
and the shift parameter R [2^ from CMB measurements |30] to perform the best-fit analysis. 
The analysis method for the observational data is given in Appendix A. The best-fit result gets 
-^min ~ 542.915 for the best-fit parameters d = 209.86 and fl„,o = 0.270. As a comparison, we also 
fit the ACDM model to the same observational data, and find that the minimal ;kf^(,j3]y[ = 542.919 
for the best fit parameter fl^o = 0.270. 

In Fig.Q, we plot probability contours at 68.3% and 95.4% confidence levels of the two pa- 
rameters. It can be seen that the constraint on parameter d is very weak, i.e. d > 8.68 at Icr level. 
This means that as long as the rescaled parameter d is taken to be appropriately large d > 0(10), 
namely the characteristic length scale of universe is much smaller than the total comoving horizon 
of universe, there is only one eff'ective parameter fl,„Q in the model just like the ACDM model. 
The reason why the parameter d is not bounded above can be enlightened from the differential 
equation of motion for fldg. In the limit d ^ 00, Eq. (|25l) reduces to 

dflde fide 

-Jl = _ a,^)(3w^ + 3) , (28) 

da a 

which is just the the differential equation of motion for Qa in the ACDM model. Since A'acdm ~ 
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FIG. 1: Probability contours at 68.3% and 95.4% confidence levels of the holographic dark energy model 
characterized by the total comoving horizon; the best-fit values are d = 209.86 and n„,o = 0.270. 

542.919 is almost the same to that of the TyHDE model, the constraint on parameter d can not be 
bounded above. This shows that the rjHDE model behaves just like the ACDM model once the 
value of d is taken to be large enough. 

In Fig.O, we show the evolutions of the fractional energy density, the EoS of dark energy and 
the ratio rj/d ( in units of current horizon H^^ ) corresponding to different d by fixing Q.,nQ = 0.270. 
It is seen that even the parameter d takes value at the order d - 0(10), the 77HDE behaves like a 
cosmological constant. The corresponding cosmological constant is given by the ratio rj/d which 
is at the order of the current horizon size of universe. By comparing the ratio rj/d at high redshift 
to the approximate value r]pnm/d, we have T/pnm ~ 0{dH^^). 

On the other hand, when the parameter ?7prim is known from inflation and the parameter d is 
given, the dark energy density pde in the early universe is obtained approximately from Eq.(fT6l). 
Then, we may use this condition, the friedmann equation and the differential equation of 
to predict the present d/rj, which gives the corresponding cosmological constant. Based on this 
analysis, the small value of the corresponding cosmological constant is due to the very large rjpnm 
by lasting many e-folds in the inflationary epoch when the parameter d is taken to be a normal 
value. It is interesting to notice that as both the values of the corresponding cosmological constant 
and the radiation energy density at the end of inflation are determined by the inflationary universe 
in the present scenario, the coincidence problem can appropriately be solved by the inflationary 
universe. 




11 



0.8 - 



0.6- 



d=IO 
(l-il) 
ACDM 








(1=10 




d=50 




ACDM 


. 




; 







3.0 



2.5 



1.0 



0.5 



0.0 



d=lQ 

d=50 

ACDM 

\ 

\ 



20 



40 



60 



80 



100 



FIG. 2: The evolutions of the fractional energy density Q.de , the EoS of dark energy w^e and the ratio rj/d ( 



in units of current horizon H,, ^ ) corresponding to different d, where Q„,o = 0.270 is fixed. 



IV. CONCLUSIONS AND REMARKS 



We have proposed a consistent holographic dark energy characterized by the total comoving 
horizon of universe (rjHDE) to explain the acceleration of present universe. It has been shown 
that due to the very large primordial part of comoving horizon T/pnm generated by the inflation, the 
rjHDE behaves like a cosmological constant. 

It has been seen that the rjHDE model described in this paper distinguishes from the new age- 
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graphic dark energy model [|l3h in which the subtracted comoving horizon r/ = rj- T/pnm was taken 
to be the conformal age as defined widely in literature, this may be seen from the approximate so- 
lution oc used in [ |l3l ] for the matter-dominated epoch. A redefined conformal age fj + 6 with 
the positive constant 6 was introduced in 1 231 ] to remove the possible divergence at = by ex- 
tending the new agegraphic dark energy model to include the inflation stage of the universe, while 
the study in ref.||23|] arrived at the conclusion that Q^eo 1 and the new agegraphic dark energy 
cannot become dominated at present time. The main reason is that the condition n = d ^ 0(1) 
on which the argument based in [|23n was derived from the best-fit analysis on the new agegraphic 
dark energy model jisl. where the approximate solution Q.de oc in matter-dominated epoch was 
used as the initial condition to solve the differential equation of motion for Q^g. Just as mentioned 
in the previous section that the large primordial part rjp^m consistently makes Q.de oc in matter- 
dominated epoch rather than Qjg oc a^. As a consequence, the constraint on the parameter d from 
the cosmological observations becomes very weak, i.e. d > 8.68 at Icr level. Namely, as long 
as the total comoving horizon of universe rj is much larger than the characteristic length scale of 
the universe, i.e., c/, = 77/L » 1, there is only one effective parameter in the t/HDE model which 
behaves like the ACDM model. Therefore, it is appropriate to have a large rescaled parameter 
d ~ 0(10) for arriving at the fractional dark energy density Qj^o - 0-73 to be consistent with the 
current cosmological observations. 



As shown in [|35l1 . the new agegraphic dark energy model [fisll fitting to cosmologica 



tions is worse than the ACDM model. In order to be cooperative with the inflation [|24l - l26|l which is 



observa- 



an important idea in modem cosmology, it is more reasonable to take the total comoving horizon or 
total conformal age including the epoch of inflation to be associated with the characteristic length 
scale. Thus the new agegraphic dark energy model with the analytic feature Q^^ - ^(3w„, -I- l)^a^ 
at a «; 1 considered in lll3n appears to be inappropriate for a complete description. Actually, the 
new agegraphic dark energy model was based on the metric fluctuation of Minkowski spacetime 
I19I and the corresponding quantum energy density [|2o|] . it is also natural to take the total con- 
formal age Tj/c as the characteristic age scale in the model. Although these two models have the 
same formula, while they are resulted from different physical considerations. From the effective 
quantum field theory and the holographic principle, it may lead us to have a deeper understanding 
on the physical origin of dark energy. 

It is noticed that the EoS in the 77HDE model always has w^e ^ -1 which slightly deviates 
from the EoS Wde = -1 for the ACDM model, but it is different from the CHDE model proposed 
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recently in [llTl llSll. where the EoS has been shown to cross from Wde > -1 to Wde < -1 during the 
universe expansion and lead the present EoS of the CHDE to be smaller than - 1 . Also the CHDE 
model gives a slightly larger fraction of matter [ISQ. 

In conclusion, the 77HDE model provides a natural and consistent explanation on the observed 
accelerated expansion of the present universe. The 77HDE model is compatible with the ACDM 
model as the 77HDE behaves like a cosmological constant. But unlike the cosmological constant, 
the 77HDE has no longer a serious fine-tuning problem and the coincidence problem as both of 
them can be understood reasonably with the inflationary universe and holographic principle. 
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Appendix A: Analysis method for the observational data 

In this appendix, we present the method used for the best-fit analysis on the observational 
data from Type la Supernovae (SNIa), Baryon Acoustic Oscillations (BAO), Cosmic Microwave 
Background (CMB) radiation. 

For the three independent observations, the likelihood function of a joint analysis is in general 
given by 

■L = XsN X -Cbao X -CcMB 

= txp[-(xl^ +xIao +;rcMB)/2] • (Al) 

A maximal X for the model parameters corresponds to a minimal = Jt'sN + ^bao + ^cmb ■ 
the following, we present the calculation for the various vf o f each observational data set. A 



description for the analysis method may also be seen in [|31 



33|]. 
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1. Type la Supernovae (SN la) 

The SNIa observations give the information on the luminosity distance Di as a function of the 
redshift z- The distance modulus is theoretically defined as 

yUthfc) = 5 logio Diizi) + Ho , (AT) 

with fdQ = 42.38 - Slogjg^, and h = //o/100/[km sec^' Mpc~^]. The Hubble-free luminosity 
distance has the following form for the flat universe 

Ddz) = a+z) r^FT:, (A3) 
Jo E(z' 



with E(z) = H(z)/Ho. 

Thex^ for the SNIa data is given by 

XSN = A 2 ' (^'^) 

^-7-' err 

where yUobsCz/) and cr, are the observed quantity and the corresponding Icr error of distance modulus 
for each supernova, respectively. Applying the approach given in [|34|l . the^^j^ can be expanded 
with respect to juq as follows 

xl^=A-2iUoB + i4c , (A5) 

with 

^ ^ y il^ohsizi) - fithizj-. Mo = Q)]^ ^^^^ 

I I 



i ^< 

Thus the minimum of;^'^,^ with respect to jj-o is found to be 

52 



xl^=A--. (A9) 
which is used in our best-fit analysis to the minimization by using the Supernova Cosmology 



Project (SCP) Union2 compilation, which contains 557 supernovae [|27|l with the range of the 
redshift z = 0.015 - 1.4. 
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2. Baryon Acoustic Oscillations (BAO) 



From the distribution of SDSS luminous red galaxies, the quantity A via the measurement of 
the BAO peak is defined as [|28|] 

,2/3 



1 p 

Zb Jo 



E(z') 



(AlO) 



at the redshift Zb = 0.35. Where A has been found to be 0.469 (n,/0.98)-°^^ + 0.017 UB- n, is the 
scalar spectral index and has been updated from the WMAP7 boll to be n, = 0.963. The^r^ of the 
BAO data is given by: 



3. The Shift Parameter from Cosmic Microwave Background (CMB) 



The shift parameter R, which relates the angular diameter distance to the last scattering surface 
and the comoving size of the sound horizon at z* as well as the angular scale of the first acoustic 
peak in CMB power spectrum of temperature fluctuations, is given by jl^ 

dz' 



R ^ Q"' 

mO 



E{z') 



(A12) 



where the redshift of the recombination has been updated in the WMAP7 BOll to be z* = 1091.3. 
The shift parameter has been updated to be 1.725 + 0.018 [|30|] . The;^^^ of the CMB data is given 

XU. - ■ (A13) 



0.0182 
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